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Abstract-In our previous paper we obtained examples of lattice solutions to the aesthetic field equations. 
A drawback with these solutions was that the integrability equations were not satisfied. In this paper we 
find a solution to the aesthetic field equations which describes a two-dimensional lattice structure. The 
integrability equations are satisfied in this case. We work within a six-dimensional framework’in this 
paper. Three of the coordinates are real and three of the coordinates are pure imaginafy: It is a 
generalization of the Minkowski version of aesthetic field theory. 0 ’ 
1. AESTHETICS AND PHYSICS 
What guide do we have if we wish to understand particle structure? Present-day knowledge, both 
experimental and theoretical, is consistent with the notion that electrons and quarks be treated as 
points. 
Empiricism has its limitations. As for a theoretical approach, we shall make the hypothesis that 
the basic guide in formulating field equations is “mathematical aesthetics”. If this were not so we 
would eventually have to contend with the problem of why we should take one field equation 
rather than another. 
In formulating field equations from an action principle one generally excludes higher derivatives 
from the Lagrangian density. But there is nothing wrong with a higher derivative. There may be 
some local justification in excluding higher derivatives, but it is hard to consider the exclusion as 
being anything but ad hoc. We would say that such Lagrangian theories suffer from a lack of 
mathematical aesthetics. 
We shall call the study of the consequences of mathematical aesthetic ideas “aesthetic field 
theory”. The list of mathematical aesthetic principles we have been studying is not meant to be 
rigid. The reader may have his own view of which ideas should be deemed “aesthetic”. The aim. 
in any case, is to convert the mathematical aesthetic ideas into a set of field equations and explore 
the consequences of such a set of equations. 
Some of the principles we have chosen to study are [l]: 
(1) All tensors (including derivatives of tensors) are treated in a uniform way with 
respect to change. 
(2) The equations are obtained using the principles of Aristotelian logic. 
(3) Arbitrariness in the theory is minimized by requiring arbitrary data at a single point. 
The last condition excludes hyperbolic equations where the field and its first derivative are 
arbitrary on a space-like hypersurface. Such arbitrariness would be tantamount to saying that 
particle structure as well as particle number is arbitrary on the hypersurface. We can look at this 
as a possible incompleteness of the theory. 
We note that the Volterra predator-prey equations and the Henon-Heiles equations [2] are 
first-order nonlinear equations with arbitrary data at a single point. The solution of these equations 
shows that this type of nonlinear equations have a varied and complex behavior. These equations 
are, of course, not field equations since they have no derivatives with respect o space coordinates. 
The solution of the Volterra equations show oscillatory behavior. We shall be associating maxima 
and minima in the field with particles. Thus, we see that nonlinear equations with arbitrariness 
only at a single point have the potential of leading to multiparticle behavior. 
We have shown that our simple set of mathematically aesthetic ideas can be used to formulate 
a set of nonlinear field equations [I]. Furthermore, these equations have nontrivial solutions. 
883 
884 M. MURASKIN 
The resulting field equations do not. on the surface, resemble other field equations found in 
mathematical physics. However, we have shown that for a certain choice of origin point data, the 
equations collapse into a one-dimensional wave equation. This suggests that multiparticle solutions 
of our equations may be found. We can think of the aesthetic field equations as a generalization 
of the one-dimensional wave equation. In this paper we shall extend these results by showing that 
a two-dimensional lattice is a solution to the aesthetic field equations. 
We emphasize that solutions to the aesthetic field equations are dependent on the choice of 
origin point data. This is true as well for the Henon-Heiles equations [2]. For another choice of 
data at the origin we also found a particle system that does not spread in time (soliton behavior) 
[3]. Thus we see that the simple aesthetic principles we have studied have enough content to 
describe interesting particle systems. 
2. PAST RESULTS ON LATTICE SOLUTIONS 
In Ref. [4] we obtained multiparticle solutions to the aesthetic field equations [l] having a lattice 
structure. A drawback with the solutions was that the integrability equations were not satisfied, 
necessitating the need for prescribing integration paths. 
Could the lattice be obtained without having to discard the need for integrability? A program 
was initiated to modify the lattice solutions with the object of satisfying integrability [ 11. We were 
successful in this way in obtaining data that satisfied the integrability equations, however. in each 
case the lattice structure was completely lost. In some instances we were able to change the sign 
of a single component of a lattice solution and thereby satisfy integrability, only to lose the lattice 
structure. 
Thus despite considerable efforts of modification of the lattice solutions we were unable to satisfy 
integrability and maintain the lattice structure simultaneously. This is not to say that it can not 
be done. What we can say is that it has stubbornly resisted our efforts. 
This suggests that a different approach may be useful and we have pursued this point of view 
in this paper. Our results are as follows-we have obtained a two-dimensional lattice solution 
obeying integrability within aesthetic field theory. 
3. A SINUSOIDAL SOLUTION IN THREE DIMENSIONS 
We consider the following nonzero components for Fg: 
r:, = - 1.0, I-:, = - 1.0, l-z, = - 1.0, 2  1.0, rf3 1.0, r-g, 1.0. I 
This set of data satisfied the integrability equations. 
The field equations are [l]: 
x + rjm,r;, - r;,r; - rj,r; = 0. 
(1) 
(2) 
With the data in equations (l), equation (2) collapses into the following set: 
a-’ 23 - = 0, i7r = 0, :2 SX’ dX’ 
ar:, = 0, a-2 
8X’ 
___I$ = 0, 
x-:, __ = r;,r:, - 
?.u’ 
r:,r:, = 0 3 ar:, o a-i3 - = 
dX2 ’ 
- = r:,r:,, 
3x3 
I 
(3) 
Fr:, o dr:, __ = - = 5 = ?S 1 l_?X2 r:&, + r:,r:, = 0, 
i3 r2 rl 
dX3 31 33. J 
The index i in the above runs from I to 3. 
Aesthetic fields: a two-dimensional solution 
We then get for I:, and Ii3(x1 z x,x2 = y,x3 = z): 
Thus, 
r;, = $COS z + t ( > , r:,= -Jsin I+: ( ) 
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is a solution to the field equations. 
This is the first time we have found sinusoidal solutions in three dimensions. We had previously 
found sine wave solutions in four dimensions [S]. 
With the set of e; given in Ref. [6] we obtain the (x, y) map of Fig. 1 for a representative 
component r: 1. We call such a solution a “striated” solution. Here we have taken a three- 
dimensional I in conjunction with a four-dimensional e?. In our previous work we referred to such 
a procedure as “imbedding”. 
Computer runs along the z-axis were made. The resulting (x, y) maps for different z showed 
results similar to Fig. 1. I: 1 is a constant on planes within the three-dimensional space. 
We shall use solution (1) in our later work. 
4. THE MINKOWSKI VERSION OF THE AESTHETIC FIELD THEORY 
In Ref. [4] we alluded to a Minkowski version of aesthetic field theory. We shall discuss this 
situation in greater detail here. 
In four dimensions we take dx’, dx’, dx3 to be real and dx4 to be pure imaginary. We write 
rj, = A;k + iBill, (6) 
with ,4ik and Bj, real. We require that all components with the 4 index appearing an odd number 
of times be pure imaginary and all components with the 4 index appearing an even number of 
times be real. 
We write 
e; = f 9 + igy, (7) 
Fig. 1. Map of l-i I for the data of equations (1). The numbers in the figure are 100 times the actual values. 
This is called a “striated” solution. 
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with f: and g: real. As usual we use the relation 
ri. = eielpeq-a Jk #J k BY' (8) 
When the index 4 appears an even number of times er is real, when the index 4 appears an odd 
number of times ep is pure imaginary. 
The real or imaginary nature of the field components l-j, is preserved by the e; transformation 
(8). 
Furthermore, the real or imaginary character of the components l-j, is preserved by the field 
equations. 
We have studied various sets of data that satisfy the integrability equations within the Minkowski 
version of aesthetic field theory. We have found solutions similar in character to solutions we have 
studied previously within the real version of the theory. We have even obtained the lattice solution 
in Ref. [4] within the Minkowski theory. Integrability was not satisfied here. 
Thus far we have not found within the Minkowski version solutions having a different character 
from those appearing in the real version of the theory. 
5. HIGHER DIMENSIONS 
We have studied aesthetic field theory in higher dimensions in the past [7]. In particular we 
studied an eight-dimensional theory of 4 0 4 type. Subuniverse one, U,, was characterized by 
indices l-4 while subuniverse, U2, had indices 5-8. All other I-;, were chosen to be zero. We then 
introduced a small coupling between the two subuniverses. If the coupling remained small, then 
the subuniverses would essentially retain the basic four-dimensional character. The problem is how 
can we guarantee that the coupling between U, and U2 remains small. Also, does l-i,, for example, 
belong with U, or U,? It is desirable to have U, affect U2. However, unless we can establish a 
mechanism that preserves the “integrity” of both U, and Uz, a higher dimensional theory will 
remain suspect. 
The method we use here is an extension of the Minkowski theory of Section 4. We shall extend 
the dimensions of the Minkowski theory to six: dx’, dx’, dx3 will be real, while dx’, dx5, dx6 will 
be pure imaginary. This introduces a symmetry into the Minkowski theory as we now have an 
equal number of coordinates that are real and imaginary. The indices 5 and 6 have a character 
similar to the time coordinate. 
Such an extension to six dimensions has been discussed previously in the literature [S-lo]. (See, 
for example, also the work of Cole [l 11.) 
Within aesthetic field theory we find that U, and U, will affect one another and yet the 
components of U, remain distinct from U, and vice versa. 
Again we break up l-j, into real and imaginary parts via equation (6). rjk is real if the number 
of times indices 4, 5 or 6 appears is even; rj, is pure imaginary if the number of times indices 4, 5 
or 6 appear is odd. The same is true for e?. 
The real components are associated with U, and the pure imaginary components are ascribed 
to u,. 
We find again that the field equations preserve the real or imaginary character of the fields. For 
example, ri, is real at the origin and remains so everywhere. 
6. A TWO-DIMENSIONAL LATTICE SOLUTION TO THE AESTHETIC FIELD 
EQUATIONS SATISFYING INTEGRABILITY 
We write 
r;, = A;~ + a;, 
with Ai:. given by: 
Ai3= -10 . 9 AA3 = -1.0, A2 31 = -1.0, 
A i2 = 1.0, A:, = 1.0, A2 33 =lO. ’ 
(9) 
(10) 
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This is the same set of data as appears in Section 3. We recall it leads to a three-dimensional 
sinusoidal solution. 
In addition we take for B&, by letting the indices 1 + 4, 2 -+ 5 and 3 + 6 in equations (lo), 
B4 56 =-10 . 9 B& = -10 . 9 Bz4 = - 10 . 9 
II& = 10 . , B&j = 1 . 0 3 BS 66 =lO . . (11) 
We then take for e: the following: 
f; = 0.88, 
f: = 0.5, 
f: = 0.2, 
f: =o, 
f: =Q 
f? =o, 
g: = 0, 
g: = 0, 
g: = 0, 
g': = 0.44, 
g; = 0.48, 
g: = -0.38, 
f; = -0.42, 
f: = 0.9, 
f; = -0.55, 
f: =o, 
f: =o, 
f4 =o, 
g: = 0, 
g: = 0, 
g: = 0, 
g; = -0.16, 
g; = 0.24, 
g; = -0.2, 
f: = -0.32, 
f: = -0.425, 
f: = 0.89, 
f:: =o, 
f: =o, 
f2 =o, 
g: = 0, 
g: = 0, 
g: = 0, 
g': = 0.39, 
g: = -0.16, 
g; = 0.5, 
f: =o, 
f: =o, 
f: =o, 
f: = 1.01, 
f: = -0.22, 
f: = 0.13, 
g: = 0.22, 
g: = 0.3, 
g: = 0.6, 
gt = 0, 
g: = 0, 
gs = 0, 
f: = 0, 
f:=Q 
f: =o, 
f: = 0.3, 
f: = -0.16, 
f; = -0.26, 
g: = -0.41, 
g: = 0.2, 
g: = 0.3, 
g’: = 0, 
g: = 0, 
g; = 0, 
fi =o, 
fi =Q 
f2 =Q 
fd = -0.2, 
f 2 = 0.09, 
f: = 0.3; 
g; = -0.26, 
g; = 0.12, 
g; = -0.35, 
g: = 0, 
gz = 0, 
g: = 0. 
(12) 
The set (9)-( 12) leads to a two-dimensional lattice solution satisfying integrability. 
Figure 2 shows a two-dimensional map for the representative component A:, for the following 
[equations (9), (12) and (13)]: 
Ai = 1.0, 66 A& = -10 . 9 A:, = 1.0, 
A2 = - 1.0, 66 A4 =lO 35 .t AZ4 = - 1.0, 
Bi6 = - 10 E2 =lO Bt3 = 1.0, 
(13) 
. 1 16 .t 
B& = 1.0, II2 =-10 61 . 9 BS =-10 33 . . 
The above set of data gives a similar pattern to the previous data but the map is somewhat neater. 
The value of all the planar maxima and minima are 10.141. It would appear from the symmetry of 
Fig. 2. Map of’ A:, for the data of equations (11). The numbers in the figure are 100 times the actual 
values. This solution shows the two-dimensional lattice satisfying integrability. 
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the solution that there are an infinite number of maxima and minima arranged in a two-dimensional 
lattice. Maps at different z show that the (x,y) maxima and minima remain at 10.141. These values 
are constant along a line in the three-dimensional (x, y, z) space. We do not obtain three-dimensional 
maxima or minima in the (x, y, z) space. 
Other sets of data were tried and no three-dimensional lattice was found. 
It is clear that U, affects Ui since when Bzy are all zero rather than equations (1 l), we obtained 
maps similar to Fig. 1. Thus the character of U, is affected by the presence of U2. 
7. SUMMARY 
We have finally obtained a lattice solution, albeit only in two dimensions, within aesthetic field 
theory in which the integrability equations are satisfied. We increased the dimensions to six and 
treated x1, x2, x3 as real and x4, x5, x6 as pure imaginary. 
It still remains a problem to obtain a three-dimensional lattice within aesthetic field theory such 
that integrability remains satisfied. 
The integrability equations in six dimensions are more difficult to work with than in four 
dimensions. Although we obtained a few solutions to these equations, we cannot say whether 
solutions to the integrability equations exist which describe a three-dimensional lattice. 
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